We formulate a predictive model of fermion masses and mixings based on a ∆(27) family symmetry. In the quark sector the model leads to the viable mixing inspired texture where the Cabibbo angle comes from the down quark sector and the other angles come from both up and down quark sectors. In the lepton sector the model generates a predictive structure for charged leptons and, after radiative seesaw, an effective neutrino mass matrix with only one real and one complex parameter. We carry out a detailed analysis of the predictions in the lepton sector, where the model is only viable for inverted neutrino mass hierarchy, predicting a strict correlation between θ 23 and θ 13 . We show a benchmark point that leads to the best-fit values of θ 12 , θ 13 , predicting a specific sin 2 θ 23 0.51
Introduction
A well motivated extension of the Standard Model (SM) is adding a family symmetry in order to account for the observed pattern of SM fermion masses and mixings, i.e. addressing the numerous Yukawa couplings and the large hierarchy between them. These symmetries operate on the generations of fermions and tackle the flavour problem, one of the most relevant of the problems of the SM. The details of the spontaneous breaking of the family symmetry lead to specific Yukawa structures and postdictions for the mixing angles in the quark or lepton sector. Recent reviews on discrete flavour groups can be found in Refs. [1] [2] [3] [4] [5] . In particular the ∆(27) discrete group has attracted a lot of attention as a promising family symmetry for explaining the observed pattern of SM fermion masses and mixing angles.
Another prominent issue in particle physics that motivates theories beyond the SM is its lack of a viable Dark Matter (DM) candidate. In fact, there is compelling evidence for the existence of DM, an unknown, non-baryonic matter component whose abundance in the Universe exceeds the amount of ordinary matter roughly by a factor of five [27] . Still, the non-gravitational nature of DM remains a mystery [28] [29] [30] . Most prominent extensions of the SM feature Weakly Interacting Massive Particles (WIMPs) as DM. WIMPs typically have order one couplings to the SM and masses at the electroweak scale. The observation that this theoretical setup gives the observed relic abundance is the celebrated WIMP miracle [31] . In the standard WIMP paradigm, DM is a thermal relic produced by the freeze-out mechanism. However, the observed DM abundance may have been generated also out of equilibrium by the so-called freeze-in mechanism [32] [33] [34] [35] [36] [37] . In this scenario, the DM particle couples to the visible SM sector very weakly, so that it never enters chemical equilibrium. Due to the small coupling strength, the DM particles produced via the freezein mechanism have been called Feebly Interacting Massive Particles (FIMPs) [35] ; see Ref. [37] for a recent review.
The solutions to the DM and the flavour problems have indeed often been approached separately in the literature. Nevertheless one could entertain the idea that they have a common origin, whether because some residual flavour symmetry stabilizes it [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] , or where there is a dark sector which communicates to the visible sector only through family symmetry mediators [53, 54] .
With respect to the flavour problem, a viable form of the Yukawa structure for quarks is the mixing inspired texture where the Cabibbo angle originates from the down-quark sector and the remaining (smaller) mixing angles come from the more hierarchical up quark mixing [55] . We build a model based on the non-Abelian group ∆ (27) which achieves a generalisation of this mixing inspired texture for the quarks, and is therefore phenomenologically viable. The model leads to a structure for the charged leptons which is diagonal apart from an entry mixing the first and third generations. The effective neutrino mass matrix arises through radiative seesaw and is in this case a very simple structure, a sum of a democratic structure (all entries equal) plus a contribution only on the first diagonal entry. This predictive scenario for the leptons leads to a good fit to all masses and mixing angles with a correlation between θ 13 and θ 23 , which depend only on the parameters of the charged lepton sector. In addition to the ∆(27), we need to employ Z N symmetries that constrain the allowed terms, and within these, a single Z 2 symmetry remains unbroken and stabilizes a DM, which can be either the lightest of the right-handed neutrinos (which are the only Z 2 -odd fermions) or a Z 2 -odd scalar. The model can lead to the correct relic abundance either under the WIMP or the FIMP scenarios.
The Model
The model we propose is an extension of the SM that incorporates the ∆ (27) × Z 2 × Z 5 × Z 6 × Z 10 × Z 16 discrete symmetry and a particle content extended with the SM singlets: scalars σ, η 1 , η 2 , ρ, Φ, Ξ, ϕ and two right handed Majorana neutrinos N 1, 2R . All the non-SM fields are charged under the above mentioned discrete symmetry. All the discrete groups are spontaneously broken, except for the Z 2 under which only ϕ and N 1, 2R are odd. In this setup the light active neutrino masses arise at one-loop level through a radiative seesaw mechanism, involving two right handed Majorana neutrinos and the Z 2 odd scalars that do not acquire VEVs.
Our model reproduces a predictive mixing inspired textures where the Cabibbo mixing arises from the down-type quark sector whereas the remaining mixing angles receive contributions from both up and down type quark sectors. These textures describe the charged fermion masses and quark mixing pattern in terms of different powers of the Wolfenstein parameter λ = 0.225 and order one parameters. The full symmetry G of the model exhibits
The scalar φ corresponds to the SM SU (2) Higgs doublet. The Z N charges, q, shown in the additive notation so that the group element is ω = e 2πi q/N . For the ∆ (27) representations and the notations see Appendix A. 0  4  2  0  3  2  3  0  8  3  0  0  0   Table 2 . The same as in Table 1 but for fermions. the following spontaneous breaking:
where Λ is the scale of breaking of the ∆ (27)×Z 2 ×Z 5 ×Z 6 ×Z 10 ×Z 16 discrete group, which we assume to be much larger than the electroweak symmetry breaking scale v = 246 GeV. The assignments of the scalars and the fermions under the ∆ (27) × Z 2 × Z 5 × Z 6 × Z 10 × Z 16 discrete group are listed in Tables 1 and 2 , where the dimensions of the ∆ (27) irreducible representations are specified by numbers in boldface and different charges are written in the additive notation. It is worth mentioning that all the scalar fields of the model acquire non-vanishing VEVs, except for the SM singlet scalar field ϕ, which is the only scalar charged under the preserved Z 2 symmetry. With the above particle content, the following quark, charged lepton and neutrino Yukawa terms arise: 5) where the dimensionless couplings in Eqs. (2.2)-(2.5) are O(1) parameters, which we will constrain through a fit to the observed fermion masses and mixings parameters. In addition to these terms, the symmetries unavoidably allow terms in
Λ 5 . These terms have two additional suppressions of Ξ /Λ and can be safely neglected if there is a mild hierarchy between Ξ and Φ . This hierarchy in the VEVs is consistent is also consistent with the mild hierarchy obtained for the masses of the light effective neutrinos after seesaw.
As indicated by the current low energy quark flavour data encoded in the Standard parametrization of the quark mixing matrix, the complex phase responsible for CP violation in the quark sector is associated with the quark mixing angle in the 1-3 plane. Consequently, in order to reproduce the experimental values of quark mixing angles and CP violating phase, the Yukawa coupling in Eq. (2.2) y (U ) 13 is required to be complex. An explanation of the role of each discrete group factor of our model is provided in the following. The ∆ (27), Z 5 , Z 6 and Z 10 discrete groups are crucial for reducing the number of model parameters, thus increasing the predictivity of our model and giving rise to predictive and viable textures for the fermion sector, consistent with the observed pattern of fermion masses and mixings, as will be shown later in Sects. 3 and 4. The ∆ (27) , entries of the quark mass matrices as well as their hierarchical structure in terms of different powers of the Wolfenstein parameter, thus giving rise to the observed SM fermion mass and mixing pattern. In particular the Z 5 discrete symmetry is crucial for explaining the tau and muon charged lepton masses as well as the Cabbibo sized value for the reactor mixing angle, which only arises from the charged lepton sector. The Z 6 discrete group allows us to get a predictive texture for the light active neutrino sector. This symmetry forbids mixings between the two right handed Majorana neutrinos N 1R and N 2R . The Z 10 discrete symmetry allows to get the right hierarchical in the second column of the down type quark mass matrix crucial to successfully reproduce the right values of the strange quark mass and the Cabbibo angle with O(1) parameters.
As a result of the ∆ (27) × Z 2 × Z 5 × Z 6 × Z 10 × Z 16 charge assignment for scalars and quarks given in Tables 1 and 2 , the Cabibbo mixing will arise from the down type quark sector, whereas the remaining mixing angles will receive contributions for both up and down type sectors. The preserved Z 2 symmetry allows the implementation of the one loop level radiative seesaw mechanism for the generation of the light active neutrino masses as well as provides a viable DM particle candidate.
We assume the following VEV pattern for the ∆ (27) triplet SM singlet scalars 6) which is consistent with the scalar potential minimization equations for a large region of parameter space as shown in detail in Ref. [56] .
Besides that, as the hierarchy among charged fermion masses and quark mixing angles emerges from the breaking of the ∆ (27) × Z 2 × Z 5 × Z 6 × Z 10 × Z 16 discrete group, we set the VEVs of the SM singlet scalar fields with respect to the Wolfenstein parameter λ = 0.225 and the model cutoff Λ, as follows:
We require a mild hierarchy between the VEVs of the two ∆(27) triplet scalars Φ and Ξ (merely a factor of two), which is sufficient to suppress the effect of unavoidable terms in the charged lepton sector, which could otherwise spoil the phenomenology of the model discussed in Section 4. The model cutoff scale Λ can be thought of as the scale of the UV completion of the model, e.g. the masses of Froggatt-Nielsen messenger fields. It is straightforward to show that the assumption regarding the VEV size of the SM singlet scalars given by Eq. (2.7) is consistent with the scalar potential minimization. That assumption given by that equation can be justified by considering
Φ and the quartic scalar couplings of the same order of magnitude.
Quark Masses and Mixings
From the quark Yukawa terms of Eqs. (2.2) and (2.3), inserting the VEV magnitudes of the scalars with respect to Λ we rewrite it in term of effective parameters
Then it follows that the quark mass matrices take the form:
where a
ij and a
Here λ = 0.225 is the Wolfenstein parameter and v = 246 GeV the scale of electroweak symmetry breaking. The SM quark mass textures given above indicate that the Cabibbo mixing emerges from the down type quark sector, whereas the remaining mixing angles receive contributions from both up and down type quark sectors. Indeed, this texture is a generalisation of the particular case referred to as the mixing inspired texture [55] , in which the two small quark mixing angles would arise solely from the up type quark sector. Besides that, the low energy quark flavour data indicates that the CP violating phase in the quark sector is associated with the quark mixing angle in the 1-3 plane, as follows from the Standard parametrization of the quark mixing matrix. Consequently, in order to get quark mixing angles and a CP violating phase consistent with the experimental data, we adopt a minimalistic scenario where all the dimensionless parameters given in Eq. (3.2) are real, except for a (U ) 13 , taken to be complex.
The obtained values for the physical quark mass spectrum [57, 58] , mixing angles and Jarlskog invariant [59] are consistent with their experimental data, as shown in Table 3 , starting from the following benchmark point that would correspond to the limit of the mixing inspired texture [55] 1 :
1.266, a In Table 3 we show the model and experimental values for the physical observables of 1 This limit corresponds to a Table 3 . Model and experimental values of the quark masses and CKM parameters.
the quark sector. We use the M Z -scale experimental values of the quark masses given by Ref. [57] (which are similar to those in Ref. [58] ). The experimental values of the CKM parameters are taken from Ref. [60] . As indicated by Table 3 , the obtained quark masses, quark mixing angles, and CP violating phase can be fitted to the experimental low energy quark flavour data. We note that the values (3.3) of the parameters a
are compatible with O(1). This fact supports the desired feature of the model that the hierarchy of masses and mixing angles are encoded in the powers of λ and texture zero of the mass matrices Eq. (3.2), which in its turn is the consequence of the particular flavour symmetry of the model.
Lepton Masses and Mixings
We can expand the contractions of the ∆(27) (anti-)triplets l L , Φ and Ξ according to the scalar VEV directions in Eq. (2.6). Then we have
, we rewrite Eqs. (2.4) and (2.5) in the form
From Eq. (4.1) we find the charged lepton mass matrix
The contribution from the charged lepton sector to the PMNS matrix, U (l) consists in a rotation by a single nonvanishing angle θ (l) 13 which depends crucially on a (l) 4 . The effective neutrino mass matrix M ν arises after radiative seesaw, from the Yukawa terms (which we expanded in Eq. (4.2)) with scalar ϕ (which does not acquire a VEV) and the masses of the right-handed neutrinos. The mechanism is associated with the loop diagrams in Fig. 1 . Considering these diagrams and the Dirac couplings in Eq.(4.2) with ϕ, which we represent in the matrix form Y ν ϕ :
one reads off there will be a democratic contribution associated with the y (ν) 2 coupling filling each entry in M ν equally (due to the coupling to the combination l 1L + l 2L + l 3L ) whereas the y (ν) 1 coupling is responsible for a contribution solely to the 11 entry of M ν . Thus we write the effective neutrino mass matrix in the form
where the dimensionful parameters A follow from the loop functions of the diagrams in Fig. 1 .
. This gets modified by the contribution from the charged lepton sector such that the reactor angle is non-zero, but given that the associated state is the massless state this structure is viable for the inverted hierarchy of neutrino masses (but not for the normal hierarchy). Indeed, we find that for our model the normal hierarchy scenario leads to a too large reactor mixing angle, thus being ruled out by the current data on neutrino oscillation experiments.
The O(1) dimensionless couplings a 1 is taken to be complex. We have checked numerically that the simplest scenario of all lepton parameters (a
2 ) being real leads to a solar mixing parameter sin 2 θ 12 close to about 0.2, which is below its 3σ experimental lower bound. In order to reproduce the experimental values of the physical observables of the lepton sector, i.e. the three charged lepton masses, two neutrino mass squared splittings and the three leptonic mixing parameters, we proceed to fit the parameters a The small hierarchy between effective parameters A
2 is consistent with the mild hierarchy between Φ and Ξ .
As follows from Eqs. The benchmark point given above is one out of the many similar solutions that yields physical observables for the neutrino sector consistent with the experimental data. We have numerically checked that for a fixed mass splittings between the masses of the real and imaginary components of ϕ, the cutoff scale has a low sensitivity with the masses of the scalar and fermionic seesaw mediators. In addition, we have checked that lowering the mass splitting between Reϕ and Imϕ leads to a decrease of the cutoff scale. In particular lowering this mass splitting from 50% up to 0.1% of the mass of Imϕ leads to a decrease of the cutoff scale from ∼ 10 8 GeV up to ∼ 10 7 GeV. From Table 4 , it follows that the reactor sin 2 θ 13 and solar sin 2 θ 12 leptonic mixing parameters are in excellent agreement with the experimental data, whereas the atmospheric sin 2 θ 23 mixing parameter is deviated 3σ away from its best fit value. Fig. 2 shows the correlation between the solar mixing parameter sin 2 θ 12 and the Jarlskog invariant for the case of inverted neutrino mass hierarchy. We found a leptonic Dirac CP violating phase of 281.6 • and a Jarlskog invariant close to about −3.3 × 10 −2 for the inverted neutrino mass hierarchy. Let us consider the effective Majorana neutrino mass parameter
where U ej and m ν k are the PMNS leptonic mixing matrix elements and the neutrino Majorana masses, respectively. The neutrinoless double beta (0νββ) decay amplitude is proportional to m ee . From Eq. (4.5) it follows that in our model there is a massless neutrino. It is well known that in this case, independently of the other parameters, one expects for the inverted neutrino mass hierarchy 15 meV < m ee < 50 meV. With the model best fit values in Table 4 we find m ee 41.3 meV . This is within the declared reach of the next-generation bolometric CUORE experiment [62] or, more realistically, of the next-to-next-generation ton-scale 0νββ-decay experiments. The current most stringent experimental upper limit m ee ≤ 160 meV is set by T 0νββ 1/2 ( 136 Xe) ≥ 1.1 × 10 26 yr at 90% C.L. from the KamLAND-Zen experiment [63] . In theory, Lepton Flavour Violation processes are expected from this kind of model. However, in realisations such as these the new scale Λ associated with family symmetry breaking scale is very high. Thus, the rate of muon conversion processes such as µN → eN (N is nucleon), µ → eee, µ → eγ is several orders of magnitude beyond experimental reach [64] .
Scalar Potential
In this section we consider the scalar potential. As can be seen in Table 1 , the scalar content of the model has many degrees of freedom. We assume that all scalars except for φ and ϕ get their VEVs at the family symmetry breaking scale, which should be near the cutoff scale Λ, much greater than the electroweak breaking scale defined by the VEV of φ ∼ v (we can check the self-consistency of this assumption in the benchmark point in Eq. (4.11) ). Due to this, the family symmetry breaking scalars decouple, such that we have at the TeV scale the effective potential V (φ, ϕ). We divide it into separate parts for convenience, and use without loss of generality the mass eigenstates Re ϕ, Im ϕ instead of ϕ, ϕ * :
where
is simply the SM potential (one Higgs doublet) and
has only quartic interactions between the doublet φ and the Z 2 -odd scalar ϕ. The term
has the masses and quartic interactions that involve only the Z 2 odd scalar. Given this, the masses of the real and imaginary parts of ϕ will not be degenerate. As the symmetry is enhanced in the limit of degeneracy (a U (1) symmetry instead of the preserved Z 2 ), if the splitting between their masses is small it remains small, and a small splitting is technically natural in that sense as it is protected by an approximate symmetry.
Dark Matter Constraints
In this section we consider the possibilities offered by the model to provide a viable DM candidate. The Z 2 symmetry, under which only the scalar field ϕ and the fermions N 1R and N 2R are charged, remains unbroken and stabilizes the lightest Z 2 -odd mass eigenstate.
Scalar Dark Matter Scenario
The first scenario considered is the one where one component of the scalar field ϕ is the lightest Z 2 -odd particle. In this case, DM is produced in the early Universe via the vanilla WIMP paradigm. If Im ϕ is the lightest Z 2 odd state, it can annihilate into a pair of SM particles via the s-channel exchange of a Higgs boson. Additionally, the annihilation into Higgs bosons also occurs via the contact interaction and the mediation by an Im ϕ in the t-and u-channels. Finally, DM could also annihilate into a pair SM neutrino/antineutrino via the t-and u-channel exchange of a N 1 . However the latter channel is typically very suppressed by the tiny effective neutrino Yukawa coupling y 1χ 1. Hence, the DM relic abundance is mainly governed by the DM mass m Im ϕ and the quartic coupling γ 2 , between two DM particles and two Higgs bosons. The freeze-out of heavy DM particles (m Im ϕ > m h ) is largely dominated by the annihilations into Higgs bosons, 2 with a thermally-averaged cross-section given by: In Fig. 3 it is shown the parameter space (γ 2 , m Im ϕ ) giving rise to the observed DM relic abundance. The black thick line corresponds to the full computation using micrOMEGAs [65] [66] [67] [68] , whereas the red line to the analytical case given by Eq. (6.1). The vertical dashed blue line corresponds to m Im ϕ = m h . The direct detection constraints are obtained by comparing the spin-independent cross section for the scattering of the DM off of a nucleon, 2) to the latest limits on σ SI provided by PandaX-II [69] . Here m N is the nucleon mass and f 1/3 corresponds to the form factor [70, 71] . Again, the analytical result is in good agreement with the numerical computation by micrOMEGAs. Fig. 3 also presents the DM spin-independent direct detection exclusion region, that sets strong tension for the model if the DM is lighter than ∼ 400 GeV. 3 
Fermionic Dark Matter Scenario
The second case corresponds to the scenario where N 1R is the lightest Z 2 -odd particle. DM can annihilate into a pair of SM neutrinos via the t-channel exchange of the real and the imaginary parts of ϕ. This comes from an effective neutrino Yukawa coupling y 1χ ≡ |y 1ν | λ v Λ produced by Eq. (2.5) or its expanded version, Eq. (4.2):
The DM relic abundance is then governed by the DM mass m N 1 , the mediator masses m Re ϕ and m Im ϕ , and the effective Yukawa coupling y 1χ . The thermally-averaged annihi- lation cross-section is given by: Fig. 4 shows the required effective coupling y 1χ in order to reproduce the observed DM relic abundance via the standard thermal WIMP paradigm, and assuming m Re ϕ = m Im ϕ . As expected for WIMP DM, the effective coupling has to be of the order of O (1), if DM is heavier than ∼ 100 GeV. For the DM production this is perfectly viable, however we also want to generate the neutrino masses. In what follows we proceed to scan for the CP odd scalar mass m Imϕ and effective neutrino Yukawa coupling y 1χ = |y 1ν | λ , the effective neutrino Yukawa coupling y 1χ has to be of the order of 10 −7 to 10 −4 . Values in this ballpark are too small to reproduce the observed DM relic abundance via the WIMP mechanism, which requires O(1) effective Yukawa coupling y 1χ as indicated by Fig. 4 . Consequently the fermionic DM scenario of our model can not be produced via the usual WIMP paradigm.
Alternatively, very suppressed couplings between the visible and the dark sectors are characteristic in non-thermal scenarios where the DM relic abundance is created in the early Universe via freeze-in [32] [33] [34] [35] [36] [37] . Fig. 5 shows the effective couplings required in order to produce FIMP DM. As expected for this kind of scenarios, y 1χ is in the range ∼ 10 −8 to ∼ 10 −11 . The light blue region is disregarded because N 1 is not the lightest particle of the dark sector.
Finally, to close this section, we discuss the splitting between the masses of the real and imaginary parts of ϕ. To start, we note that a small scalar mass splitting of 10 −3 times the mass of the imaginary part of ϕ (which is required in order to have fermionic DM through the FIMP mechanism) may look unnatural, but it is actually technically natural in the sense that it is protected by a symmetry: in the limit where the RH neutrino masses and the splitting of the ϕ masses vanish, the symmetry of the Lagrangian is enlarged from the Z 2 to a U (1) symmetry. The non-trivial U (1) charges of the RH neutrinos and of ϕ under this U (1) would forbid Majorana terms for the RH neutrinos and force the masses of the real and imaginary parts of ϕ to be the same. Considering this, if the U (1) is broken only by the Majorana terms (but not in the scalar potential), the splitting of the masses is no longer protected by the symmetry and is generated, but only radiatively. In such a scenario, the splitting would be naturally small.
Although we do not consider this scenario in great detail, we propose also some more explicit mechanisms that can explain the splitting between the masses of the real and imaginary parts of ϕ when starting from the symmetry limit where the splitting vanishes. The first possibility consists in extending our model by adding an extra spontaneously broken Z 3 discrete symmetry under which ϕ is assumed to have a charge +1 (in additive notation). In addition, an extra SM scalar singlet, i.e. ζ , with Z 3 charge +1 has to be added. The remaining scalar and fermions are neutral under Z 3 . Consequently no new contributions to the quarks, charged leptons and neutrino Yukawa terms originate from the extra field ζ and the Z 3 discrete symmetry. The splitting between the masses of Re ϕ and Im ϕ will arise from the trilinear scalar interaction Aϕ 2 ζ which preserves both this added Z 3 and the existing Z 2 . The invariance of the neutrino Yukawa interactions under the Z 3 discrete symmetry requires that the right handed Majorana neutrinos N 1R and N 2R should have a Z 3 charge equal to +1, such that their masses will need to arise from the Yukawa interactions N 1R N C 1R ζ and N 2R N C 2R ζ after the spontaneous breaking of the Z 3 discrete group. This is an explicit realization of the mechanism described above, showing there is a relation between the ϕ mass splitting and the N iR masses. If this Z 3 is broken at the TeV scale the right handed Majorana neutrinos are within the LHC reach and there is a viable fermionic DM candidate through the FIMP mechanism.
A different mechanism to generate the splitting by replacing the SM scalar singlet ϕ with an inert SU (2) scalar doublet charged under the preserved Z 2 symmetry. That scenario was proposed for the first time in Ref. [38] . In that scenario, the splitting between the masses of Re ϕ and Im ϕ (in that scenario ϕ is a SU (2) scalar doublet) will arise form the quartic scalar interaction φ † · ϕ 2 , as explained in detail in Ref. [38] . In this case, the coupling between right-handed neutrinos and ϕ does not include the Higgs φ.
Conclusions
We have built a viable family symmetry model based on the ∆ (27)×Z 2 ×Z 5 ×Z 6 ×Z 10 ×Z 16 discrete group, which leads to a mixing inspired texture for the quarks and to similarly predictive structures for the leptons. For the quarks, the down sector parameters control the Cabibbo angle, and the up and down sector parameters control the remaining angles. For the leptons, the effective neutrino parameters that arise after radiative seesaw control the solar angle, and the charged lepton parameters control the reactor angle, which is also correlated to the deviation of the atmospheric angle from its maximal value. The model is only viable for inverted hierarchy and after fitting to the best-fit values of the solar and reactor angle, predicts sin 2 θ 23 0.51, δ 281.6 • and m ee = 41.3 meV.
Additionally, the model has viable DM candidates, stabilized by an unbroken Z 2 symmetry, which we analyze quantitatively. A simple possibility is that there is scalar WIMP DM, which is produced through the Higgs portal. An alternative scenario is when we consider fermionic DM, which in our model would be the lightest right-handed neutrino. In order for it to be a WIMP and to obtain the right abundance, its effective coupling to the visible sector is too large to be consistent with what is required by the effective neutrino masses. Instead, if our fermionic DM candidate is a FIMP, the effective coupling needs to be quite small. This is consistent with obtaining the required neutrino masses but requires a very small splitting of the real and imaginary components of the Z 2 -odd scalar (the splitting divided by the mass scale would be at the per mille level). The smallness of the splitting is technically natural as when the splitting goes to zero, the symmetry of the theory is enhanced.
This model addresses the flavour problem while providing a viable DM candidate (scalar or fermionic), and is a novel example of the interplay of constraints coming from the observed DM abundance to a family symmetry model, namely by relating the DM abundance to the light neutrino masses. 
A The Product Rules of the ∆(27) Discrete Group
The ∆(27) discrete group is a subgroup of SU (3), has 27 elements divided into 11 conjugacy classes. Then the ∆(27) discrete group contains the following 11 irreducible representations: two triplets, i.e. 3 [0] [1] (which we denote by 3) and its conjugate 3 [0] [2] (which we denote by 3) and 9 singlets, i.e. 1 k,l (k, l = 0, 1, 2), where k and l correspond to the Z 3 and Z 3 charges, respectively [1] . The ∆(27) discrete group, which is a simple group of the type ∆(3n 2 ) with n = 3, is isomorphic to the semi-direct product group (Z 3 × Z 3 ) Z 3 [1] . It is worth mentioning that the simplest group of the type ∆(3n 2 ) is ∆(3) ≡ Z 3 . The next group is ∆(12), which is isomorphic to A 4 . Consequently the ∆(27) discrete group is the simplest nontrivial group of the type ∆(3n 2 ). Any element of the ∆(27) discrete group can be expressed as b k a m a n , being b, a and a the generators of the Z 3 , Z 3 and Z 3 cyclic groups, respectively. These generators fulfill the relations:
The characters of the ∆(27) discrete group are shown in Table 5 . Here n is the number of elements, h is the order of each element, and ω = e : {ba p , ba p−1 a p−2 a 2 }, h = 3.
The tensor products between ∆(27) triplets are described by the following relations [ 3 ω 2r+sp 0 0 Table 5 . Characters of ∆ (27) . Table 6 . The singlet multiplications of the group ∆ (27) .
The multiplication rules between ∆(27) singlets and ∆ (27) From the equation given above, we obtain explicitly the singlet multiplication rules of the ∆(27) group, which are given in Table 6 .
